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Abstract Walking without impacts has been considered in dynamics as a motion/force control
problem. In order to avoid impacts, an approach for both the speciﬁed motion of the biped and
its ground reaction forces was presented yielding a combined motion and force control problem. As
an application, a walker on a horizontal plane has been considered. In this paper, it is shown how
the control of the ground reaction forces and the energy consumption depend on the gradient of
a slope. The biped dynamics and the constraints within the biped system and on the ground are
discussed. A motion control synthesis is developed using the inverse dynamics principle proven to
be most eﬃcient for human walking research, too. The impactless walking with controlled legs is
illustrated by a seven-link biped. The “ﬂying” biped has nine degrees of freedom, with six control
inputs. During locomotion, the standing leg has three scleronomic constraints, and the trunk has
three rheonomic constraints. However, there are three rheonomic constraints for the prescribed leg
motion or three scleronomic constraints for reaction forces of the trailing leg, respectively. The
nominal control action for impactless walking can be precomputed and stored. The model proposed
allows the investigation of several problems: uphill and downhill walking, optimization of step length,
stiction of the feet on the slope and many more. All these ﬁndings are also of interest in biome-
chanics. c© 2013 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1301302]
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A large number of investigations were carried out on
biped walking.1–4 The biped model is adapted from an
earlier study in Ref. 5. These authors were interested
in control for impactless walking. They used a model
completely controlled at all times without any degree of
freedom (DOF).
In general, the walking motion can also be generated
by the passive dynamics of the legs under the inﬂuence
of gravity only. It is obvious that passive walking is
more energy eﬃcient. Therefore, it is possible to exploit
the passive walking principle for active walking.6
The versatility and robustness of bipedal walking
machines were explored also by walking on an uncer-
tain external environment. For instance, walking on
the slopes with diﬀerent gradient is often included in
dynamic simulation of biped locomotion.7,8
The purpose of this paper is to investigate the seven-
link biped model walking on ground with varied slopes
without impacts. For the modeling of walking systems,
the method of multibody dynamics is presented includ-
ing the contact and impact problem inherent to natural
biped walking. The active biped walking proposed in
this research is controlled using the principles of inverse
dynamics. In particular, the energy consumption of the
biped walking on varying slopes is compared by the co-
eﬃcient of eﬃciency. Inverse dynamics control results
in a limit cycle featuring autonomous walking.
According to the principles of dynamics, impact oc-
curs when two bodies contact each other with diﬀerent
velocities. In dynamic walking, impacts may occur with
a)Corresponding author. Email: lulugong@tongji.edu.cn.
b)Email: schiehlen@itm.uni-stuttgart.de.
leg hits the ground. However, impacts due to the colli-
sions of legs with the ground may destabilize the walk-
ing cycle of bipeds and deteriorate the functional ca-
pabilities of legged vehicles, which should be avoided.9
One of the possibilities for minimizing these phenom-
ena is to design a control scheme for walking without
impacts.5
This method for control synthesis is based on robot
dynamics and the condition of impactless walking. The
latter is speciﬁed by a motion assuring, throughout the
whole walking cycle, that the feet are placed on the
ground with zero velocities. Moreover, the support is
shifted gradually from the trailing leg to the standing
leg. This proposed approach is far from the passive
walking; all degrees of freedom of the robot are deﬁ-
nitely controlled.5,10
Biped locomotion is a cyclic motion of two diﬀerent
phases, the single support (SS) phase and the double
support (DS) phase. A planar seven-link biped model
is considered as shown in Fig. 1. The planar biped is
composed of two identical legs and a trunk. Each leg
consists of a femur, a tibia and a rigid foot. It is con-
sidered that all joint actuators are revolute, massless,
frictionless and can only move in the sagittal plane.
The walking steps start from the state of rest and
both the feet contact the ground but the whole weight is
supported by the left (L) leg. The ﬁrst step starts with
the right (R) leg. At the beginning of the ﬁrst DS phase
the biped achieves a steady walking cycle, see Fig. 2.
Consider an autonomous multibody system with n
DOF whose conﬁguration is uniquely speciﬁed by its n
position coordinates summarized in the vector y ∈ Rn.
With the method of multibody systems, one gets the
equations that govern the motion of the “ﬂying” biped,
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Fig. 1. Seven-link biped model.
which can be written in the form
M(y)y¨ = h(y˙,y) +BTτ , (1)
where y = [y1, y2, . . . , yn]
T; M(y) ∈ Rn×n is a posi-
tive deﬁnitive inertia matrix; h(y˙,y) ∈ Rn×1 contains
the applied and centrifugal forces;5,11 B ∈ Rk×n is
the control input matrix; and τ = [τ1, τ2, . . . , τk]
T are
the control torques/forces. The equations of motions
are derived symbolically using the multibody formalism
Neweul-M .2,12
During walking, the biped is constrained by contact
with the ground, and the number of ground constraints
(“scleronomic constraints”) varies in turns from m (SS
phase) to 2m (DS phase), with corresponding variations
in the biped’s DOF from k = n−m to l = n−2m. In or-
der to model a demanded walking pattern, k or l motion
speciﬁcations (“rheonomic constraints”) have to be set,
respectively. The motion and force program constraints
constitute a program of motion. As seen, the control
problem considered is a kind of mixed motion and force
control problem.
Recapitulating, the following three groups of con-
straints specifying the impactless walking pattern are
marked out:
(a) l = n−2m rheonomic constraints specifying the
motion of the upper part of the “body” (hip,
trunk, . . . ).
(b) Alternatively:
1) (SS phase) m rheonomic constraints on the
motion of the lifted leg (ankle trajectory,
foot conﬁguration).
2) (DS phase) m scleronomic constraints on
the trailing leg due to its placement on the
ground. Reactions of these constraints are
controlled.
Fig. 2. Model of the biped impactless locomotion.
The leg subjecting to these constraints will be
called “managed leg”.
(c)m scleronomic constraints on the supporting leg
(SS phase) or on the leading leg (DS phase). Re-
actions of these constraints are not controlled.
The corresponding leg will be called “standing
leg”.
The n constraints (a)–(c) are assumed to be holo-
nomic, i.e.
φ = [φTa φ
T
b φ
T
c ]
T = 0, (2)
where φ are at least twice diﬀerentiable functions; φa,
φb and φc are vectors of dimensions l, m and m. Then
the governing equations of the constrained motion of
the biped can be written in the following form
My¨ = h+BTτ +CTbλb +C
T
c λc, (3)
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Cc(y˙,y, t)y¨ +Cc0(y˙,y, t) = 0, (4)
where λb = [λb1,λb2, · · · ,λbm]T are the speciﬁed re-
actions of constraints (b2); CTc λc represents the reac-
tion forces of constraints (c) where Cb = ∂φb/∂y and
Cc = ∂φc/∂y.
In the DS phase, m constraints can be imposed ad-
ditionally on the system. Therefore m force constraints
resulting in the ground reactions of the trailing leg are
prespeciﬁed. The reactions, λb, are forced to decline
to zero at the end of the DS phase, and vanish during
the SS phase. Therefore, the trailing leg is lifted oﬀ
the ground without any impact. Likewise, the reaction
forces of constraints (b), CTbλb vanish during the SS
phase.
In order to receive the control torques τ the n dy-
namic Eq. (3) can be reduced to a set of n−m equations
by left-multiplying Eq. (3) with the orthogonal comple-
ment matrix Dc to matrix Cc. Thus, DcC
T
c = 0, with
Dc of dimension (n − m) × n, and the last term in
Eq. (3) disappears. The control torques/forces are ob-
tained from
τ = (DcB
T)−1Dc(My¨ − h−CTbλb). (5)
The reactions of constraints λc can be written as
λc(y˙,y, t) = −(CcM−1CTc )−1[Cc0 +CcM−1 ·
(h+BTτ +CTbλb)], (6)
where Cc0(y˙,y, t) = −[C˙cy˙ + d/dt(∂φc/∂t)]. The re-
actions of constraints are often denoted as generalized
reaction forces, too.
The “ﬂying” biped has nine degrees of freedom,
n = 9. Its position coordinates are y = [xH , yH , θR1,
θR2, θR3, θL1, θL2, θL3, θT]
T, and control inputs are
τ = [τR1, τR2, τR3, τL1, τL2, τL3]
T, k = 6, m = 3 and
l = 3.
The biped starts from the state of rest where both
feet contact the ground and the whole body weight is
supported by the left (L) leg. The initial step which
is the only one diﬀerent from the following is done by
the right (R) leg. The ground surface is assumed even,
rigid and has a suﬃcient coeﬃcient of friction. Thus,
no sinking or slipping can occur. Table 1 contains the
inertial and geometrical parameters of the biped where
the notation follows from Fig. 1.
The constraints (a) represent the trajectories of hip
position and trunk orientation,
φa =
⎡
⎢⎣ xH − xHn(t)yH − (h0 + xH tan γ)
θT
⎤
⎥⎦ = 0, (7)
whereas constraints (b) and (c) are
φb,c =
⎡
⎢⎣ xH + l1 sin θi1 + l2 sin θi2 − xAiyH − l1 cos θi1 − l2 cos θi2 − yAi
θi3 − (π/2 + γ)
⎤
⎥⎦ = 0, (8)
Table 1. Biped parameters used for simulation
Parameter j = 1 j = 2 j = 3
mj 5.3 kg 2.25 kg 0.5 kg
Jj 0.08 kg ·m2 0.09 kg ·m2 0.006 kg ·m2
lj 0.3 m 0.35 m —
cj 0.07 m 0.145 m 0.05 m
mT 14.8 kg — —
JT 0.9 kg ·m2 — —
cT 0.2 m — —
y
Ai
FiN
FiT
Mi i /R,L x
γ=11Ο
(0.192 rad)
Fig. 3. Ground reactions on the foot.
with i = R or L, the number of constraints is n = 9 with
m = 3 for each leg and l = 3 for the upper body, xAi
and yAi are ankle coordinates, and γ is the gradient of
the slope, which is positive for uphill and negative for
downhill slopes, respectively.
The values of the hip coordinates for the ﬁrst step
are obtained from equation xHn(t) = a5t
5 + a4t
4 +
a3t
3 with boundary conditions xHn(0) = x˙Hn(0) =
x¨Hn(0) = 0 , xHn(T0) = s0, x˙Hn(T0) = v0 and
x¨Hn(T0) = 0, where T0 and s0 are period and length
of the ﬁrst step. For the successive steps, the constant
hip speed is v0 and xHn(t) = s0 + v0(t − T0), so that
sd = v0TDS and ss = v0TSS, where TDS and TSS are
periods of the DS and SS phase. In more detail, the
successive steps are considered representing the steady-
state periodic walking.
For the constraints (b2) and (c), xAi are constant
distances and yAi = 0. And for the constraint (b1),
the ankle coordinates in x−direction are deﬁned by
xAin(t) = b5t
5 + b4t
4 + b3t
3 + b2t
2 + b1t+ b0. The coef-
ﬁcients are chosen to satisfy xAin(TSS1) = 0 if z < 3
and xAin(TSS1) = (z − 2)s otherwise, x˙Ain(TSS1) =
x¨Ain(TSS1) = 0, xAin(TSS3) = zs, x˙Ain(TSS3) =
x¨Ain(TSS3) = 0, where z is the number of current step,
TSS1 is the time at the beginning of the current SS
phase and TSS3 = TSS1 + TSS. Then the ankle coordi-
nates in x-direction can be obtained from the equation,
xAi = xAin(t).
In the y-direction, the ankle coordinates are com-
posed of two parts during the period of SS phase. The
ﬁrst part is speciﬁed according to yAin1(t) = c5t
5 +
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Fig. 4. Stick diagram for walking on varying slopes.
c4t
4+c3t
3+c2t
2+c1t+c0. The conditions yAin1(TSS1) =
y˙Ain1(TSS1) = y¨Ain1(TSS1) = 0, yAin1(TSS2) = hA, and
y˙Ain1(TSS2) = y¨Ain1(TSS2) = 0 are to be satisﬁed, where
TSS2 = TSS1 + 0.5TSS, is the time at the middle of
the current step. And the second part is speciﬁed by
yAin2(t) = d5t
5+d4t
4+d3t
3+d2t
2+d1t+d0. The condi-
tions yAin2(TSS2) = hA, y˙Ain2(TSS2) = y¨Ain2(TSS2) = 0
and yAin2(TSS3) = y˙Ain2(TSS3) = y¨Ain2(TSS3) = 0 are to
be satisﬁed. Then the ankle coordinates in y-direction
can be obtained from the equation
yAi =
{
yAin1(t) + xAin(t) tan γ, t ∈ [TSS1, TSS2],
yAin2(t) + xAin(t) tan γ, t ∈ [TSS2, TSS3].
(9)
The matrices Cc and Dc read as
Cc =
⎡
⎢⎣ 1 0 l1 cos θR1 l2 cos θR2 0 0 0 0 00 1 l1 sin θR1 l2 sin θR2 0 0 0 0 0
0 0 0 0 1 0 0 0 0
⎤
⎥⎦ ,
(10)
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Fig. 5. Ankle joint trajectories during walking.
Dc =
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
−l1 cos θR1 −l1 sin θR1 1 0 0 0 0 0 0
−l2 cos θR2 −l2 sin θR2 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.
(11)
Equations (10) and (11) are valid when constraints
(c) are imposed on the R leg, i.e., when the R leg is the
standing one (DS + SS phase cycle). For the other case,
i.e., when the L leg becomes the standing one (successive
DS + SS phase cycle), columns 3–5 and 6–8 in Eq. (10)
and Eq. (11) should replace each other, and R → L.
Also, it is easy to ﬁnd that, for the case of constraints
(b2) imposed on the L leg, it yields
Cb =
⎡
⎢⎣ 1 0 0 0 0 l1 cos θL1 l2 cos θL2 0 00 1 0 0 0 l1 sin θL1 l2 sin θL2 0 0
0 0 0 0 0 0 0 1 0
⎤
⎥⎦ , (12)
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Fig. 6. Phase plane portraits of hip, knee and ankle joints for walking on diﬀerent slopes.
and for the other case, Eq. (12) has to be rearranged
appropriately.
The force constraints are speciﬁed as λbn(t) =
(λb0/2)[1 + cos(πt
∗/TDS)] where the components of
λb = [FbiT, FbiN, Mbi]
T, i = R, L, are shown in Fig. 3,
where FbiN and FbiT are the contact force and the re-
sultant tangential contact force, respectively; λb0 are
the values at the beginning of the DS phase; t∗ is the
actual time of the current DS phase.
The reaction values of constraints (c) λc = [FciT ,
FciN , Mci]
T, i = R, L, can be determined from Eq. (6),
where FciN and FciT are the contact force and the re-
sultant tangential contact force, respectively.
The trajectories of hip, knee and ankle joints in
Eq. (7) and Eq. (8) are speciﬁed with the gait parame-
ters: s0 = ss = 0.12 m, sd = 0.08 m, s = sd + ss =
0.2 m, v0 = 0.4 m/s, T0 = 0.5 s, h0 = 0.55 m and
hA = 0.05 m.
The position coordinates can be calculated from
the nine nonlinear algebraic constraint Eq. (2) by means
of numerical iteration. The derivatives of the speciﬁed
position coordinates are obtained from the diﬀerenti-
ated forms of Eq. (2). After all of the position co-
ordinates and their derivatives have been found, the
force constraints are computed. Afterwards, the con-
trol torques and reaction forces are calculated by solv-
ing the linear algebraic equations in Eq. (5) and Eq. (6),
respectively.
The biped walking motion was investigated for ﬁve
steps during walking on three types of terrains: down-
slope (−11◦), ﬂat and up-slope (11◦). Figure 4 shows
stick ﬁgures of successive time steps. Figure 5 shows
the motion trajectories of the ankle joints.
Figure 6 shows the phase plane portraits for right
and left hip, knee and ankle joints for walking on varying
slopes, which clearly indicates that a stable limit cycle
has been reached after the ﬁrst step in each case. These
portraits are obtained by plotting relative angular po-
sitions versus relative angular velocities. Here, the rel-
ative angular positions are deﬁned as qi1 = θi1 − θT for
the hip, qi2 = θi2 − θi1 for the knee, and qi3 = θi3 − θi2
for the ankle, which use counter-clockwise as positive
direction.
Figures 7 and 8 demonstrate the control torques
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Fig. 10. Speciﬁc resistance for walking on diﬀerent slopes.
and ground reaction forces for ﬁve steps for walking on
diﬀerent slopes. The maximum values of control torques
for walking up a slope are higher than those for walking
down a slope or on ﬂat terrain, which can be found in
knee and ankle joints of the standing leg at the begin-
ning of SS phase. The diﬀerences in the maximal values
of ground reaction forces for walking on diﬀerent slopes
are also found in the standing leg in the SS phase.
The mechanical energy added to the system is
equivalent to the sum of the work done by the six actu-
ators. The work of the actuators can be calculated as
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W (t) =
∫ t1
t0
|umω| dt, (13)
where um = [τR1, τR2, τR3, τL1, τL2, τL3]
T are the control
torques, ω = [q˙R1, q˙R2, q˙R3, q˙L1, q˙L2, q˙L3]
T are the rela-
tive angular velocities of the joints and t is the time.
The period between [t0, t1] is the time of one step. The
total energy cost for one step is calculated asWtotal(t) =
WR1(t)+WR2(t)+WR3(t)+WL1(t)+WL2(t)+WL3(t). It
is pointed out that P = |umω| is the mechanical power
output which does not include actuator and transmis-
sion eﬃciency. The active energy input to the system
during walking on diﬀerent slopes is shown in Fig. 9
according to steps and actuators.
The main part of the consumed energy of walking
on varying slopes results from the hip torques.
A measure to compare the energetic performance
of biped walking machines is the speciﬁc resistance.1,13
The speciﬁc resistance can be calculated as the ratio of
power (P ), the product of biped weight (mg) and speed
(v), as
ε(v) =
P (v)
mgv
. (14)
The value of the speciﬁc resistance Eq. (14) for
the biped walking machine with a weight of mg =
30.9 kg · 9.81 m · s2 = 303.129 N walking at an aver-
age speed of v = 0.4 m/s while consuming Pstep =
Wstep/tstep = 32.365 9 J/0.5 s = 64.731 9 W Eq. (14)
yields ε = 0.533 9 for steady walking down the slope.
While for steady walking on the ﬂat terrain and up
a slope, the mechanical power output are Pstep =
61.714 W with ε = 0.509 and Pstep = 78.290 9 W with
ε = 0.645 7, respectively, see Fig. 10.
In comparison with the speciﬁc resistance of
other active walking machines given by Ahmadi and
Buehler14 as 0.22 < ε < 11, see also Ref. 1, these val-
ues are small. Nevertheless compared to human natural
walking with ε about 0.1 the avoidance of impacts is
costly what is known from human sneaking motion.
In this paper, the biped walking motion was inves-
tigated for walking on a slope with varying gradients.
In each case the stable limit cycle has been reached,
although there are diﬀerences in ground reaction forces
and control torques for walking on diﬀerent slopes. The
energy consumption for walking up a slope is higher
than walking down a slope or on the ﬂat terrain. Nev-
ertheless, the speciﬁc resistance is low compared with
other walking machines. As a consequence the results
obtained for walking on varying ground slopes conﬁrm
that the approach can be used eﬀectively to achieve
stable walking in an uncertain external environment.
Future work will illustrate the optimization of step
length for impactless biped walking. Moreover, our aim
is also to extend the proposed approach to investigate
the bipedal walking with experimental kinematics data.
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